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We show that one or more special transformations of the general equation of heat con-
duction (diffusion) enable us to use the latter to solve a whole series of problems of the
type indicated in the title, In particular, we solve the problem where the temperature
(concentration) field is produced by a uniform or uniformly varying motion of a plane at
which the temperature (concentration) is given as a function of time, as well as analog-
ous problems for axially semi-infinite prismatic or cylindrical rods, etc, , obtaining rela-
tively simple linear integral equations for solving the problems in some of the more
general cases,

In [1] we determined the temperature field ahead of the front of a heat source moving
in an unbounded isotropic medium under the assumption that the heat source temperature
is either constant or a given function of time (the one-dimensional problem).

The method used in [1] was based on consideration of the process in a coordinate sys-
tem moving together with the heat source, This enabled us to obtain the solution of the
problem directly in quadratures in the case of uniform motion of the front and to reduce
the matter in the case of nonuniform motion to the solution of a certain integral equation
which yields the required temperature field even when the coordinate of the front in-
creases in proportion to the square root of the time,

We shall show that if, in addition to introducing the above coordinate system, we sub-
ject the heat condition equation in this system to a certain special transformation, then
the latter assumes a form which enables us to solve the indicated problem in terms of
known functions not only in the above cases, but also when the front accelerates or dece-
lerates uniformly and when not only the initial state of the system and distribution of
the specified heat sources within it, but also the time dependence of the temperature of
the front can be specified in arbitrary fashion, The resulting exact solution can there-~
fore be used for approximate investigation of the general problem in the case where the
front moves according to a more complex law but admits of sufficiently accurate step-
by-step approximation by a uniformly varying motion. The same purpose is served by
the other exact solution which we obtain in the present paper, namely the solution for
the case where the frontz == E moves according to the law § =V A + Bt 4 Ct2.
where 4, B and C are arbitrary constants, At the same time, the new form of the basic
equation of the problem enables us to reduce solution of the latter in the general case
to certain nonconventjonal integral equations which in some cases provide a more effec-
tive and convenient pathway to the solution, We also note that considerations similar
to those of [2, 3] and our own method combined with the results obtained in these studies
make it possible to solve many two- and three-dimensional problems of the theory of
heat conduction and diffusion with moving boundaries, This includes the problem of a
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semi-infinite prismatic rod whose end z = R(f) moves uniformly, with a uniformly
varying velocity, or according to the law R(t) = (4 + Bt + Ct2)'#, and whose side
faces move along the coordinate axes according to the laws Ry (t) = (M t* 4Nt 4
-+ P,)", where i is the index of the corresponding axis and M,, N, P,.are arbitrary
constants which depend on the index i.

The same procedure can be used to solve the corresponding problems for a semi-infi-
nite cylinder whose side-surface radius varies according to the law R(t)=(M 2+ Nt+
+ P)"1, and whose endface either accelerates or decelerates uniformly, as well as
various other problems, some of which are mentioned in Sects, 4 and 5 of the present

paper.

1, Let us consider the above problem, which reduces in the one-dimensional case to
lutd f th i 72 0
solution of the equation ——0; =———a': + f(z,t), a= const (1.1)
for a semi-infinite domain z > R(t), where R(t) is some function of time, and where

we know the fltial state | o= F(z) for 2> R(0), 2 |emriy= ()
at the moving boundary,

Here f(x, t) is a given function of its arguments,

In addition, the required solution must usually satisfy the requirement of boundedness
or vanishing at inf{nity;at the very least the character of its growth at infinity must be
indicated,

Without limiting generality we can clearly assume that R(0) = 0 and ¢ =1, This
we shall do below, We can also set F(z) = (. In fact, let us suppose that this is not the
case in the initial problem for z . Then, subtracting, for example, the function (*)

(Y — (@ —2)°
u(z,t) = 2 Vet S F (o) exp— —— da (1.2)
0
satisfying the equations 192 3
e ==L U= F(z) (z>0) (1.3)

from u, we find that the difference function U = u — u, satisfies the same Eq, (1,1)
as u, but under the initial condition U |;-, = 0. The condition for z = R (¢) for this
function is of the form

Ule=r @) = (U — ) |e=roy = 0(t) — w1 [R(). ] =9 () (1.4)

i.e. since u, [R(t), ] is a known function of ¢, it follows that the known function @ (t)
in the condition at the moving boundary mustbe replaced by another (also known) func-
tion ¢ (¢). This enables us, without limiting the generality of our solution, to set
F(z) = 0, assuming, if need be, that u is the same as the function U.

Now, setting £ — z — R(¢), 1. e, introducing a coordinate system which moves
together with the boundary, we obtain the following equation for i :

0%u ,0u  Ou % » __ dR
*) We can also take a more general solution of Eq, (1. 3) as our u;, namely
¢ —(@—2
. S— d
Y= YV rat _Sooo(a)ew 4at N

where @ (a) coincides with £ (a) for @ > 0, but can be chosen arbitrarily for & <0,



On the temperaturc or concentration fields produced inside an infinite or finite 1023
domain by moving surfaces

Here the derivative with respect to ¢ must be taken for a constant §, and the condi-
tion at the left-hand boundary is U |cmg = @ (¢).

In the case of uniform motion of the boundary we have R' == const; Eq, (1.5) is
solvable dircctly in this case (see [1]).

In the general case of an arbitrary R(f) we replace the g in (1. 5) by the new function

v by way of the relation  _ @, q=expl—Ya(RE+ Yy RAdL)) (1.6)

Equation (1, 5) and the corresponding boundary condition for § = 0 and the initial
condition become

b2 R’ do f* «__ @R
52_"+T§v—3i=_q—’ R = —¢ (1.7
u O B
v £E=0 =—q— 5=0= (p(t)expl__lA—BR 2dt] ! vlt:o = O (1.8)

The condition for v as § —-> follows from the corresponding equation for 4.

Equation (1, 7) implies, first, that in the case of uniform motion of the boundary
(R** = 0) the solution of the problem with a moving boundary reduces simply to the
solution of the analogous problem with a fixed boundary, But Eq, (1.7) also implies
that the homogeneous equation with results from (1.7) for f* — 0 is amenable to sepa-
ration of variables even in the case R” == const == 0, i.e, in the case of uniformly
varying motion, This makes it possible to solve the general problem formulated by Egs,
(1. 7),(1. 8) in tamiliar functions which have already been investigated in detail (as we
shall presently show),

2, Let R =1/, at? - Pt, where @ == 0 and B are constants, Then R” = & and
Eq. (1, 7) becomes

v 1 av f®
Here, by (1.6) P +gabr—g = 7 (21)
+ 0¥ (2.0, t 243 | 3afe? 2t

In this case (1, 8) yields
Vle—o = @ () exp Vs (033 + 3Pt + 3B%)]), v)g=0 (>0) (2.3)

The homogeneous equation which follows from (2,1) for f* — 0,1i.e.

%ﬁ+%gw—§—;"=o (2.4)
has solutions of the form w = e'42M (), A = const, where
@ 1 B + Y ( — Mp = 0 (2.5)
This equation is integrable in Bessel functions of order 1/3 . Let us consider the cases
o > 0 and @ < O beginning with the latter, Setting &« = — 9, ¥ > 0, and
n=(Ya7)»E — 1) (2.6)
where the value § = oo corresponds to 7 = oo, we can rewrite Eq, (2,5) as
d?p/dny—qp =20 (2.7
The independent particular solutions of Eq. (2. 7) are the functions
() = ¥V lu, (s, pa (M) = V1 Ky, (Ysn'%) (2.8)

i, e, the modified Bessel functions of order 1 /3 of the indicated argument multiplied by
V1. We note that despite the ostensible presence of the square root of 7 in these
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formulas, the functioris t1(n) and p2(n) in fact constitute entire functions of 7). This is
evident from the fact that they are linear combinations of the two other independent
particular solutions of Eq, (2, 7), namely

3 6
Ps("l) n+34+3/ 6-7 +-"1 Pt(n).zi +2n.‘—3+2.3?5.6 +-n (2-9)
which is readily verifiable by substituting them into (2, 7).
The eigenfunctions of the problem under consideration are the solutions (e, g, see [4],
Sects, 15 and 21 or [5}) of Eq. (2, 5) which vanish for § = 0 and § = oo, The latter
condition is satisfied by the function p,(r)), which is given by

BE = VE=AKu[Ys ¥V 2r (¢~ 1) (2.10)
to within a constant factor with no special significance,
Let us make use of the familiar formula

Ko(2) = s (I_.(2) — 1.(2)] (2.41)

23|n nv

Setting v = 1/, in this equation, we readily obtain (see monograph [6], Sect, 4,12
for details) the following expression for the function p(g) for § < A in terms of functions
of areal argument;

p(E) == “ BVEE VI A e B4 £ T VET — B4} (242)

The condition p.(O) = 0 gives us the equation

T s V2] T sV 2rAa"] = 0 (2.13)
for finding the eigenvalues A . There are detafled tables (e, g. see [7], p.103)) of the
roots of the equation Ju @)+ Joy, 2)=0 (2.14)

There are also tables of functions which differ from (2.10) and (2,12) by a numerical
factor only (they are Airy functions; see [8] for information conceming suitable tables);
hence, denoting the roots of Eq, (2,14) by z,,we obtain

M= (*/aza/7)', n=1,2,3,...,00 (2.15)

Substituting these values into (2,10) and (2,12), we obtain the eigenfunctions pa(%)

of the corresponding boundary value problem for Eq, (2, 5) which we can now rewrite as
@pn [ A8 — Y3 9(E — Aadpn =0 n=1,23..) (2.16)

The functions p_(§) form a complete system orthogenal in the interval (0, o), In

order to make it normalized as well, we need merely recall the formula

‘ Ma?dG = _( dfin ) L=o (2.17)

and the fact that the derivative occurring in this expression is given by
At | dE oo = — VIATY Aa [V i (80) — o (20)]

Hence, the normalized eigenfunctions are of the_form

o 8) 51
\p,.(i) = — A'"[.1'-'/.(1")—J,/‘(zn)] (n>1) (2. 8)

and the corresponding expansion of some function w(£)in a series n the functions ¥, (£)
(see [6] for a discussion of the expansibility conditions) is
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00 [c0]
wE) = 2 vt ®, o= w® . )2 (2.19)
=l ]
Let us use the above results to solve the problem formulated at the beginning of the
present section, Denoting the functions occurring in the right sides of Eqgs, (2,1) and
(2.3) by p(§, t) and (), respectively, for brevity, we obtain

9
= RS = & vk =r() (2.20)

Multiplying the first equation of (2, 20) by ¥, (§)dE and integrating from 0 to oo,

we obtain . .

3 dy
oSt — L Bpwde — 2= (1) (2.21)
0 0
Un=va(t) = \ vbudts  Pa=pa(t)= { padt (2.22)
0 0

Integrating the first term on the left side and (2,21) twice by parts, and then recalling
the first equation of (2.20) and the condition P _(0) ==, (00) = 0, as well as the
fact that ¢ satisfies the equation

‘pn' - (I/RTE - )"n) \Pn = 0

we arrive at the relation
dvn/dt -+ A =’ (0) 7 (£) — Pa(t) (53> 1) (2.23)
Integrating this equation (whose right side is known), we find under the initial condi-
tion v, [¢=o == 0 which follotws from (2, 22) where Ujyuq == 0 that

v (1) = {00 [$0'(0) 7 (v) — po ()] d (2.24)
The formula ’ I
v=v(Et) = D va(t) $u(£) (2.25)

now gives us the solution of our problem,

We have considered in detail the case @ << 0 corresponding to a point spectrum, In
the case ¢ > () when the spectrum becomes discontinuous will not be considered here
(we refer the reader to the aforementioned monograph [6], Sect, 4,13),

8. Let us note some cases of solvability in known functions of one~, two~, and three-
dimensional problems of heat conduction theory and similar problems in the case of
moving boundaries,

Let us suppose that we are required to solve the problem formulated by the equation

du 2

Mu— =+ et T — 2 @z (3.1)
for a domain z *> R, (t), unbounded in the direction of the positive z-axis whose cross
section does not depend on z but can vary with time, and which we agree to call a "rod"
although it may, in fact, be a plate, The boundary conditions for u can be assumed given
for £ = R,(t) and for z = oo, as well as at the side surface of the rod ; the initial
value u|;—, can be set equal to zero, which does not limit the generality of the solution
(by virtue of what was said in Sect,1), We shall set f = 0, which also does not limit
the generality of the solution, since, if the eigenfunctions of the homogeneous problem
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are known, then these functions can be used to expand the solution of the nonhomogene-
ous problem,
Applying the transformation described in Sect, 1 to (3.1), L. e,

=2 —R(t), u=qvw, q= GXP[—';—<R1'§+ —;—SR'{‘W‘)] (3.2)

we obtain

a2 a2 ik 1 » d
Tt Tt B~ =0 (3.3
Let Ry =1/, at¥/2 -+ B¢. Equation (3, 3) then becomes
02 0% ik 2
T Tt =0 (3.4)
Setting
b= pEuly, 2 1) (3.5)

where p(§) is one of the eigenfunctions of the problem considered in Sect, 2 which satis-
fies Eq, (3. 5) and where A is the corresponding eigenvalue (*), we find from (3, 4) that
0w 0w ak ow
Tt v =0 (3.6)

If the cross section of the domain is a rectangle with any ratjo of sides (e, g, a strip
of constant width), a disk, a circular ring, a sector, efc,, whose dimensions do not vary
with time, then, since Eq, (3.6) is amenable to separation of variables in Cartesian and
polar coordinate systems(the latter in the plane yz , of course), general equation (3,1)
for a domain with a cross section of similar shape (with the left hand boundary moving
at constant velocity or constant acceleration) is also solvable in known functions,

In the case where the cross section varies with time we can obtain certain classes of
problems solvable in known functions by combining a transformation of the type (3,2)
(not only for the z-coordinate, but for other Cartesian coordinates as well) with the
transformations described in [2, 3], Thus, replacing the y and z in (3, 6) by the indepen-
dent variables v and { and introducing the new function P by means of the relations

n==4. t=7., R=RWO=VAPT2BITC (i=23) 3.7
(4,, B, C ; are arbitrary constants) and

RoRy'm? 4+ RyRy'L2
= = e £X [~ el ] 3.8
P=—, @ TR oXP Z (3.8)
we obtain the following equation for P
1 1 o°pP A3Cy — By? 1 [ &P AsCs — B .,
Rzz[ame % ”SP]“L'R@[&@%* Z ‘:P]*
ax ap
v+ p P9 (3.9)
The variables in this equation become separable if we set
P = O(n)x(n)o(t) (3.10)

and impose the following conditions on the functions D) and ‘){@) :

*) For example, for o <0 the function ® () is one of the functions v, (§) defined
by formula (2,18) and A is the corresponding eigenvalue A,.
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i AsCr — By?
d:; +[ = 'q’-}—v.,]tp:() (v4 = const) (3.11)
d? AsCs — Bs?
dg)g + [ 8 34 *orr4 Vs] x=0  (vg==const) (3.12)
We then obtain the equation
d6 ak Vg Vs
72‘":( 2 RS R,z>9 (3.13)

for B(¢) .

Th(e )foregoing implies that if the cross section of the domain is a rectangle whose
sides perpendicular to the y - and z-axes move apart or move together with time according
to laws of the form (3, 7) with i — 2 and j = 3 , respectively, and if the boundary values
of the relative coordinates 1) and { do not depend on time, then we can expand the solu-
tion of the problem in the comesponding eigenfunctions of Egs, (3, 11),(3.12) correspond~
ing to these (constant {) boundary values of 7 and ; (see [2] for more details),

If Ry(t) = R,(t) (homogeneous expansion or compression), then Eq, (3, 11) becomes
simpler, i, c,

2 — Byt . apP
1 [g£+ z’g€+AzCz Bﬁma+§2)p‘]+_ﬁ‘%_p___—a—t-=0 (3.14)

Ra? 4
This form of the equation enables us to separate variables not only in the Cartesian
coordinates 1), §, but also in the corresponding polar coordinates, The problem then
becomes solvable in known functions for disk, circular ring, and other cross sections,
In all of these cases the solution can be obtained according to the procedure. described
in detail in [2, 3],

4, We investigated the solution of boundary value problems for Eq, (3.1) in the case
of a semi-infinite prisrnatic or cylindrical domain (in particular, for a half-space) under
the assumnption that the endface z == R, (t) moves according to law (3, 2), and that the
side faces move according to laws of the form (3, 7).

A similar technique can be ysed to investigate any other combination of motions of
these types along the axes z, y, z. For example, we can assume that the motion along
the z-axis is described by the law

z= R, ()= VY A2 +2Bit +Cy (A, By, C1= const) (4.1)
and the motion along the y~ and z -axes by law (3, 7), This brings us to a particular case
of the analogous problem for a domain in the shape of a rectangular parallelepiped with
an arbitrary rib ratio at the inftial instant whose faces move according to laws (3, 7) and
(4.1). In this problem (the general method for its solution is described in [3]) the length
of the rib parallel to the z-axis must be set equal to infinity, which requires the intro-
duction of eigenfunctions of an equation of the form

du/df*+ A —al)u=10 4.2)
over a semi~infinite segment,

Here -« is a given constant and ), an arbitrary parameter, Considering the one-dimen-
sional problem under the assumption that nothing depends on y and z , we obtain the
solution of the initial problem for Eq, (1.1) formulated in Sect,2 in the case where the
motion of the half-space boundary is described by law (4.1),

In conclusion we note that introducing the new independent varfables
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E=z—Ri() n=y—R (1) L=z—R (0 (43
into Eq,(3,1) and setting
R =iyR + iyRy + iRy, 9= ixf + iym -+ i (4.4)

u= quv, q= exp[—Y2(Rp) + Yo(Rp)+ /2§ R"%d!]

R'® = R'* + R/ + Ry? (4.5)
where iy, iy, i; are unit vectors along the coordinate axes, yields the generalization of
Eq, (1, 7) for the three-dimensional case,

v v % 1 v
0—5’+W+W+?(R"5+R"n+R’~C)"_Tt= “s)

_[E+ R, n+R, T+ Rat)
q

Considering a domain in the shape of a rectangular parallelepiped whose translational
motion along the coordinate axes in space is described by formulas (4, 3), so that the
coordinates E..'q, { of its faces retain time-independent constant values, and setting

Ri(t) = Yo & + Byt + vi (@i, Bis vi = const) (i = 1,2,3) (4.7
we find that the variables in the homogeneous equation which follows from (4, 6) for
/=0 become separable and again obtain equations of the form (2, 5) for the eigenfunc-
tions along each of the coordinates §, 1, {. These equations are valid in a finite or a
semi-infinfte interval depending on whether the corresponding rib of the parallelepiped
is finite or infinite,

We have investigated problems whose solutions are expressible in terms of known func-
tions, which is possible when the functions R, Rj, etc, are of a specific form, If these
functions in Eqs, (1. 7) or (4. 6) have a form different from (3, 7) or (4. 7), then we can
use the procedure described in Sect, 3 of [2] to reduce solution of the corresponding
boundary value problems to relatively simple integral equations for the function ».
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Dual integral equations with kemnels containing spherical Legendre functions are exam-
ined, It is shown that these equations permit exact solution in quadratures, The proposed
theory includes as a specfal case the theory of equations examined earlier which are con-
nected with the Mehler-Fock transform and which are encountered in various applica-

tons, in particular in the solution of mixed boundary value problems in mathematical
physics and in the theory of elasticity,

1, Equations of the following form are called dual equations connected with the inte-

gral transform of Mehler-Fock:
o0

VM@ Py (ha)dr =) 0<a<ay
0

A M@o@Pwchadt=gn) (@>z) (1.1)
0
here Py (2) is a spherical Legendre function with a complex index v = — Y/, - i,

fla) and g(a) are given functions, @(T) is the weight function (w(t) > 0, w(t) = =
for T — co).‘Equatfons of this type are encountered in many applications; in particular,
they play an important role in the solutfon of some mixed boundary value problems.
Generalizations of Eqs, (1.1) are also examined, The kemels of these equations contain
assocfated spherical functions,

At the present time a general theory of such equations does not exist, and a large part
of results obtained in this area is related to equations of a special form which correspond
to different selection of function w(t) (see [1~6]). Thus, the following equations were
studied oo

(M@ P (cha)dr=1(@) <<y (1.2)
0
o0

h nv
§M (¥) ,TP_“’L‘@—], Pjuc(cha)dt =0 (> aq



